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A triangulation of the 2-sphere is said to be akempic if it has a 4-coloring such that any two 
adjacent triangles have the vertices colored with all four colors and this 4-coloring is not Kempe 
equivalent to any other 4-coloring. Voltage graphs are used to obtain a simple characterisation 
of dual graphs of akempic triangulations which are n-fold coverings over/£4 and it is shown 
that n must be odd. If a(n) is the number of the akempics with exactly four vertices of odd 
degree which have 2(n+ 1) vertices then k(n)/24<~a(n)<~k(n) where k(n) is the number of 
natural numbers k such that gcd(k, n) = ged(2k - 1, n) = 1. Consequently, l im,_~ a(2n + 1) = o0. 
I. Inla'oduttion 
By a triangulation of a closed surface M we mean a 3-connected graph which is 
triangularly embedded in M. Suppose that we have a 4-coloring of the vertices of 
a triangulation G. Let a and b be two colors and K(a, b) the subgraph of G which 
is induced on the vertices colored a and b. If we change the coloring of G by 
interchanging the colors a and b on a connected component of K(a, b) we say 
that the new coloring is obtained from the former by a Kempe change. Two 
colorings are said to be Kempe equivalent if one is obtained from the other by a 
sequence of Kempe changes. 
Let e be an edge of a triangulation G. There are exactly two triangles 
containing e. The two vertices of these triangles which do not belong to e are said 
to be opposite with respect to the edge e. It is known [1] that a triangulation of the 
2-sphere has a 4-coloring such that any two opposite vertices have different colors 
iff the degree of every vertex is divisible by 3. Such a coloring is called 
nonsingular. A triangulation G of the 2-sphere is said to be akempic if it has a 
nonsingular 4-coloring which is not Kempe equivalent to any other 4-coloring of 
G. Figure 1 gives an example of a triangulation together with its nonsingular 
4-coloring. The subgraphs K(a, b) are all connected. Therefore the only possible 
Kempe changes are globally interchanging two colors which yield the same 
coloring. We conclude that the triangulation of Fig. 1 is akempic. 
In [1] two infinite families of akempic triangulations with exactly four vertices 
of odd degree are given and it is asked whether there are some more akempics 
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Fig. 1. 
with four odd vertices. This question is answered in this paper. More precisely, if
a(n) is the number of akempics with four odd vertices and of order 2(n + 1) then 
we show limk__~ a(2k + 1)= oo. The smallest such akempic triangulation which is 
not given in [1] has n = 13 and has therefore 28 vertices. 
To obtain the solution we make use of (permutation) voltage graphs introduced 
by Gross and Tucker [2]. Every covering graph G over a base graph B can be 
described by a voltage graph with permutation voltage assignments. If G is an 
n-fold covering over B, then we associate to every (directed) edge of B a voltage 
which is an element of S, (the group of permutations of n elements). The only 
condition on the voltages is that inverse arcs have inverse voltages. Take n copies 
of the vertex set of B, i.e. V(B)x{0, 1 , . . . ,  n-1}, as the vertex set of the 
corresponding covering graph. Then we lift every directed edge ut~ of B to n 
directed edges of g having (u, k), k = 0, 1 , . . . ,  n - 1, as the initial and (v, 1r(k)) as 
the terminal vertex where ~r is the voltage associated to the arc u-'~. 
The dual graph of an akempic triangulation is a covering raph over K4 [1]. The 
covering projection is the dual of the nonsingular 4-coloring of the akempic. We 
use voltages to describe the coverings and we seek to find appropriate conditions 
on the voltages in order that the dual graph of a covering will be akempic. We 
consider 4-colorings as graph maps to K4. In this spirit the vertices of K4 will be 
called also the colors of the 4-coloring. We consider two 4-colorings to be the 
same if they differ by a permutation of colors. 
We think of/(4 as embedded on the 2-sphere, and the covering raphs over/(4 
are assumed to be embedded into a closed surface such that the covering 
projection can be extended to a branched covering between surfaces [1, 2]. 
2. AltemOie trlm~gnlatioas 
To describe the structure of an akempic triangulation we first give two lemmas. 
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2.1. Let G be a triangulation of the 2-sphere which has a nonsingular 
4-coloring f: G ---> K4. Then the following conditions are equivalent: 
(1) G is an akempic triangulation; 
(2) For every edge e ~ E(K4), f~(e)  is connected; 
(3) For every edge eeE(K4),  f-~(e) is a tree; 
(4) For every edge e ~ E(K4), f~(e)  is a forest. 
Praof. (1) => (2): Suppose that for an edge e ~ E(K4), f t (e )  consists of two or 
more components. Then f is Kempe equivalent to another 4-coloring which is 
obtained from it by changing the two colors on one of the components of fX(e). 
Therefore G is not akempic. 
(2) ::> (3): Suppose that f t (e )  has a cycle C. Since G is planar, C divides G into 
two non-empty disjoint subgraphs, ay/-/1 and/-/2. Let e' be the edge of K4 which 
is not incident with e. Then fX(e') is not connected, since fZ (e ' )N  H1 # O and 
f-Z(e') t"l H2 ~ (J. 
(3) ::> (4): Obvious. 
(4) ::> (1): Suppose that G is not akempic and that there is a Kempe change 
done by interchanging colors a and b on a component F of K(a, b). Let c and d 
be the colors distinct from a and b. The vertices colored c and d which are 
adjacent o F form a subgraph of fX(cd) which obviously contains a cycle. Hence 
for e = (cd), fiX(e) is not a forest. [] 
l .emma 2.2 ([1]). Let G be an akempic triangulation and let f: G--> K4 be the 
nonsingular 4-coloring. Then f is an odd-[old branched covering. 
Pr¢~|. Let f be an n-fold branched covering. It has branch points of order greater 
than one only on the vertices of G [1]. Let p, q and r be the number of vertices, 
edges and triangles of (3, respectively. Then q = 6n, r = 4n, and so by Euler's 
formula p = 2(n + 1). Let nc be the number of vertices of color c, c = 1, 2, 3, 4. For 
a~b,  f l (ab)  contains exactly n edges and since it is a tree by Lernma 2.1, 
na + nb = n + 1. By adding the equations nx + n2 = nx + n3 = nz  + n4  = n + 1 we get  
3nl + n2 + n3 -t- n 4 = 3(n + 1). Since nx + n2 + n3 + n4 = p = 2(n + 1), it follows that 
2nx = n + 1. Thus we conclude that nl = n2 = n3 = n4 = (n + 1)/2 and n is odd. [] 
Next we characterise duals of akempic triangulations as covering graphs over 
K,. 
"l~eol~m 2.3. Let G be an n-fold covering over K4 and p:G---> K4 the covering 
projection. Then G is a dual of an akempic triangulation if[ 
(1) n is odd ; 
(2) Over every triangle of K4 there are (n + 1)/2 2-ceUs of G; 
(3) Let T be open union of two distinct 2-cells of K4. Then p- l (T)  is connected. 
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Preof. (~) :  We have shown (1) and (2). That p-t(T) is connected follows from 
the fact that f-t(e) is connected where f is the nonsingnlar 4-coloring of the dual 
of G and e is the edge in the dual of/£4 which corresponds to the triangles forming 
T. 
(<::): The covering projection p induces the non-singular 4-coloring f:  G*---~ 
K 4 o f  the dual of G. By (3), f-t(e) is connected for every edge e of K 4. Using (1), 
(2) and the Euler's formula for polyhedra it is easily verified that G* is a 
triangulation of the 2-sphere, and therefore by I_emma 2.1 it is akempic. [] 
Every covering can be expressed as a permutation voltage graph [2]. The 
voltages on a spanning tree of the base graph can be chosen arbitrary and so 
without loss of generality we may assume that the voltages are as shown by Fig. 2 
where id is the identity permutation. 
Fig. 2. 
Theorem 2.4. The voltage graph of Fig. 2 gives rise to a dual of an akempic 
triangulation if[ 
(1) n is odd; 
(2) a, fl, 3, and ~/~ are permutations, each having exactly (n + 1)/2 cycles; and 
(3) ~/~, ~/  and [3a are cycles of length n. 
Note. We compose the permutations as functions, i.e. (a/3)(i)= a(13(i)). 
Proof. The conditions are the same as in Theorem 2.3. We only use the fact that 
the number of 2-cells over a 2-cell (or union of 2-cells) D of the base graph is 
equal to the number of cycles of the permutation which is the product of the 
voltages on the boundary of D. [] 
3. Akempics with 4 odd vertices 
Every akempic with exactly four vertices of odd degree has four vertices of 
degree 3 and all other vertices are of degree six. This follows from the modified 
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Euler's formula for the triangulations of the 2-sphere 
g, (6-  i) = 12 
where gi is the number of vertices of degree i. Using Theorem 2.4, thi~ means that 
each of the permutations a,/3, ~/and T/3~ has exactly one fixed point and all the 
other cycles are of length two, i.e. transpositions. Without loss of generality we 
may choose the n-cycle/3a to be:/3~x (i) = i + 1 (mod n) and choose a fixed point for 
a, ~x(O)=O. With these two assumptions the permutations a and/3 are uniquely 
determined: 
a(i) = - i  (rood n) 
The proof is elementary. 
and /3(i)= (1 - i )  (mod n). 
Since 1 =/3a(0)=/3(0) it follows that /3(0)= 1 and 
/3(1) = 0. As 0 =/3a(n - 1) =/3(a(n - 1)) we conclude that ct(n - 1) = 1 and a(1) = 
n - 1. We repeat: 2 =/3a (1) =/3(n - 1) and therefore/3(n - 1) = 2 and/3(2) = n - 1. 
Again, n -1  =/3a(n -2)=/3(a(n -2) ) .  Hence a (n -2)=2,  a (2 )= n -2 .  Etc. 
In the same way we can also nearly determine the voltage ~/. Suppose that k is a 
fixed point of -g, i.e. T(k)= k. Recall that ,/(/3~) is a permutation having a fixed 
point and (n - 1)/2 transpositions. When k = 0 we obtain as above in thi~ case that 
T ( i )=- i  (rood n). Therefore for general k, T ( i )=( - i  +c)  (rood n), where c is a 
constant. From ,/(k)= k it follows that 
~/(i) = (2k - i) (mod n). 
The number k is not arbitrary. It must be chosen such that ~//3 and a~/ are 
n-cycles. These two permutations are easily calculated 
~//3(i) = i + (2k - 1) (mod n) and a3,(i) = i - 2k (mod n). 
It follows that (V/3)m(O) = m(2k - 1) (mod n). We conclude that ,//3 is an n-cycle 
iff gcd(2k - 1, n) = 1. Similarly, aT is an n-cycle iff gcd(2k, n) = gcd(k, n) = 1 (n is 
odd). 
Theorem 3.1. Let G be a voltage graph of Fig. 2. Assume that /3a(i)= 
i + 1 (rood n) and that a(O) = O. Then G gives rise to a dual graph of an akempic 
triangulation with four odd vertices if/ 
(1) n is odd, and 
(2) a(i) = - i  (rood n), /3(i) = 1 -  i (rood n), and ~/(i) = 2k - i (rood n), for i = 
0, 1 , . . . ,  n - 1, and god(k, n) = gcd(2k - 1, n) = 1. 
Theorem 3.1 determines all akempic triangulations with 4 odd vertices. How- 
ever, some of them (for different k's) can be isomorphic. So there is the obvious 
question how many akempic triangulations with four odd vertices are there for a 
fixed n. Let k(n) be the number of k's such that ged(2k, n) = gcd(2k - 1, n) = 1, 
and O<~k <n. Let a(n) be the number of the akempies with 4 odd vertices of 
order 2n + 2. 
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Theorem :3.2. k(n)/24 <~ a(n) <~ k(n). 
Proof. Let G(k, n) be the dual of the akempic from Theorem 3.1. Suppose that 
we have two akempics, G(kl, n) and G(k2, n) with kl # k2. From the construction 
it is obvious that there is no isomorphism between G(kl, n) and G(k2, n) which 
preserves fibres of the coverings fl : G(kl, n) --> 1(,4 and f2: G(k2, n) -~ K4. It 
follows that there is at most [Aut(K,)[ = 24 numbers k2 such that G(k2, n) is 
isomorphic to G(kx, n). The theorem is thus established. [] 
Next we turn our attention to the function k(n). The following two lemmas 
enable us to calculate the value of k(n). Call a pair of natural numbers (a, b) 
relatively prime to x if both a and b are relatively prime to x. Note that k(n) is 
just the number of pairs (2k - 1, 2k), 1 ~< k ~< n which are relatively prime to n. 
Lemma 3.3. (a) Let n be a prime number. Then k(n)= n -2 .  
(b) If m divides n, then k(mn) = m . k(n). 
(c) I[ m and n are relatively prime, then k(mn)= k(m) . k(n). 
Proof. (a) For n = 2, k(n)= 0 and it is obvious that for an odd prime number n, 
k(n)=n-2 ,  since only the pairs (n ,n+l )  and (2n-1 ,2n)  are not relatively 
prime to n. 
(b) If m divides n, then a pair (2k -  1, 2k) is relatively prime to mn itt it is 
relatively prime to n. Therefore a pair (2k - 1, 2k), 1 <~ k ~< ran, is relatively prime 
to mn iff k is of the form r+m where l<~r<~n, O<~t~m-1 and the pair 
(2 r -1 ,  2r) is relatively prime to n. It is obvious that there are exactly m. k(n) 
such pairs. 
(c) To compute k(mn) consider first the pairs (2k - l ,  2k), l~k<~mn, which 
are relatively prime to n. They can be partitioned into k(n) classes of the form 
Ar={(2k- l ,  2k ) :k=r+m,  t=0,1 , . . . ,m-1}  where l~r<-n  and the pair 
(2 r -  1, 2r) is relatively prime to n. If we show that every A, contains exactly k(m) 
pairs which are relatively prime to mn we are done. Every pair in A, is relatively 
prime to n, hence it is relatively prime to mn iif it is relatively prime to m. Define 
a mapping f : A, --* {(1, 2), (3 ,4 ) , . . . , (2m- l ,  2m)} by f ( (2k - l ,  2k))= 
(2p- l ,  2p) where k=-p(modm) and l~p<~m. Since m and n are relatively 
prime f is 1-1 and hence a bijection. Obviously, (2k -  1, 2k) is relatively prime to 
m iff/((2k - 1, 2k)) is. That means that A, contains exactly k(m) pairs which are 
relatively prime to m. This completes the proof. [] 
lammm 3.4. Let n =pTlp~ 2 . . .  pT. where Pc 
numbers. Then 
k(n)=n, rI (1-2/p~). 
i=1  
( i=1 ,2 , . . . ,  r) are distinct prime 
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Proof. From Lemma 3.3(a) and (b) it follows that k(p~,)=p~,-X(p~-2)= 
pT'(1-2/pi). Applying Lemma 3.3(c) repeatedly we get the above formula. [] 
Corollary 3.5. lirn~_~ a(2n + 1) = o0. 
Proof. From Lemma 3.4 it is clear that lim,__,~ k(2n+ 1)=o0 and we end the 
proof using Theorem 3.2. [] 
At the end we give some computer-obtained numbers of a(n). They are 
presented in Table 1. 
Table 1 
n 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 
a(n) 1 1 2 1 2 3 1 3 4 2 4 3 2 5 6 
Note added in proof. Recently an exact formula for the numbers a(n) was 
obtained. It will appear elsewhere. 
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